Birkbeck 2.13. FIR, 2008-9. Worksheet 3. Convexity. 
The model:
· I: amount borrowed by firms from bank/s.

· L: Amount repaid by firms to bank/s.

· L: Amount they promise to repay. L > I.

· Y: Actual yield of the firm’s project.

· L may or may not be reached, or may be exceeded, by the project’s actual yield.
· Shareholders, i.e. holders of residual claims, have successfully aligned managers’ interests with their own (e.g. through management share options).
· Managers can affect the riskiness of the project.
We now show how this shareholder-manager coalition can transfer value to equity from fixed claims / holders of debt.

Note: In this case, the fixed claims in question are the bank loans, but same principle also applies to bonds, deposits, etc.
1. The respective payoff for debtholders and holders of equity.
(i) Provide an expression for the payoff (ρ) for debtholders, i.e. holders of fixed claims.
(ii) Draw a diagram of this payoff function in (Y, L) space, commenting on its shape.
(iii) Provide an expression for the payoff (π) for shareholders, i.e. holders of residual claims.
(iv) As before, draw a diagram of this function in (Y, L) space, commenting on its shape.
2. Sure outcome versus uncertain outcome.

We now consider the respective outcomes for the two categories of claimant in the case of two projects, one of which has a sure outcome, while the other has two possible outcomes.
(i) Project A yields Y = L for sure. What is (a) the payoff for debtholders (b) the payoff for shareholders?
(ii) Project B has the same average return as project A (≡ Y), but actual return can take two different values, each with equal probability ( ≡ Y1 and Y2 for the bad and good outcomes respectively). Draw a diagram showing these two outcomes as well as the two payoff functions.
(iii) If the return to project B is the lower of the two possible values (‘scenario B1’), what is (a) the payoff for debtholders (b) the payoff for shareholders?

(iv) Repeat the above question for scenario B2.

3. Spread, debt, and equity.

(i) Tabulate the above results to show the effect of ‘spread’ on the two categories of claimants. 
· Rows: 
(1) Bondholders (2) Shareholders.
· Columns: 
(1) Payoff in A (2) Payoff in B1 (3) Payoff in B2 (4) average payoff in 
B (i.e. B) (5) Sign of B – A (6) Conclusions on effect of spread.
(ii) What fundamental principal is demonstrated by this table?
(iii) Redraw the diagram in 2 (ii) including: (a) the bondholders loss in B1 (b) the equity-holder’s gain in B2 (c) the average equity-holder’s gain in B (d) the average bondholder’s loss in B.
[Optional:]

(iv) Derive an algebraic expression for the expected payoff for shareholders in project B in terms of spread (defined as θ).
(v) What does the above expression show regarding the relation of spread to the payoff for shareholders? What is the term used for an increase in spread in such cases?
Answers. 
1 
(i) ρ = min (L, Y)
(ii) The function is concave: line between any two points on the curve lies beneath it.
(iii) π = max (0, Y- L)
(iv) The function is convex: line between any two points on the curve lies above it.
2 
(i) 
(a) L 

(b) 0
(iii) 
(a) ρ = min (L, Y)   and   Y1 < L   →    ρ = Y1
(b) π = max (0, Y- L)   and Y1 < L →  (Y- L) < 0 →  π = 0
(iv)
(a) ρ = min (L, Y)   and   Y2 >  L   →    ρ = L
(b) π = max (0, Y- L)   and Y2 > L →  (Y- L) > 0 →  π = Y2 – L
3 (i) 
	
	A
	B1
	B2
	B
	B - A
	Sign
	Spread

	Bondholders
	L
	Y1
	L
	½ (Y1 + L)
	(<L) - L
	< 0
	→ loss

	Shareholders
	0
	0
	Y2 - L
	½ (Y2 – L)
	(>0) - 0
	>0
	→ gain


(ii) Risk transfers value from debtholders to equity holders, and the bigger the spread, the bigger the transfer of value. 
(iv) 
E [ πB ] = E { max (0, Y2 – L) } 
Probability of Y2 is ½  → E [ πB ] = ½ (Y2 – L)
L = Y → E [ πB ] = ½ (Y2 – Y)

But Y2 – Y  is half the spread → E [ πB ] = ½ ( ½ θ )  → E [ πB ] = ¼ θ
(v) 
The payoff for shareholders is directly proportional to spread.

A ‘mean-preserving increase’ in spread. 

[image: image1.emf]1 (ii)          

45 0  

ρ = min (Y, L)  

L =  L  

L, ρ  

Y   Y =  L  


[image: image2.emf]1 (iv)          

45 0  

π  = m ax  ( 0, Y - L)  

45 0  

Y - L  

L,  π  

Y  

Y =  L  

L =  L  


[image: image3.emf]2 (ii)        

45 0  

π    

45 0  

ρ   

Y - L  

L =  L  

L,  π  

L =  Y 1  

Y 1         Y =  L          Y 2   Y  


3 (iii)
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